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a b s t r a c t
In this paper, it is proved that for every positive odd integer n, there exists a Hamiltonian
cycle in the De Bruijn digraph B(2, n) on middle levels.
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1. Introduction
For n ≥ 2, let Zn2 be the set of all (0, 1)-sequences (a1, a2, . . . , an), where ai ∈ {0, 1} and the indices are viewedmodulo n.
The binary De Bruijn digraph B(2, n) has Zn2 as vertex set and two vertices (a1, a2, . . . , an) and (b1, b2, . . . , bn) are adjacent
whenever
a2, . . . , an = b1, . . . , bn−1.
It is well known that B(2, n) is a strongly connected regular digraph of degree 2 and diameter n.
LetW be the quotient set of Zn2 with respect to the equivalence relation of rotation and G(B(2, n)), or shortly G, the graph
which has W as set of vertices and in which two elements C and H are adjacent when there exists a vertex v of C and a
vertex u ofH such that (v, u) is an arc of B(2, n). Recall that an ordered partition or composition of an integer n is a sequence
(t1, t2, . . . , tm), where ti > 0 and t1 + t2 + · · · + tm = n. The integers ti are the parts of the partition. Let σ = (1, 2, . . . ,m)
be the permutation with σ(i) = i + 1 for all i, except σ(m) = 1. Given the composition λ = (t1, t2, . . . , tm), the action of
σ j on λ is σ j(λ) = (t1+j, t2+j, . . . , tm+j)where 1 ≤ j ≤ m and the indices are modulom. In each orbit we select the minimal
element [6]; the element is also said to be a binary necklace.
Throughout the paper, we assume that n is a positive odd integer n := 2k+1, k ∈ N. Consider now the ordered partitions
(or simply partitions) of n in k and k+ 1 parts respectively, up to the equivalence relation of rotation. For certain properties
of this class of ordered partition, see [6].
We will describe a method which transforms a partition of n in k+ 1 parts into a partition of n in k parts. Let
(t1, t2, t3, . . . , tk+1)
be a partition of n in k+ 1 parts. Summing two numbers on consecutive positions in the partition (the last and first positions are
admitted as consecutive), we obtain a partition of n in k parts. Concretely, summing for example t1 + t2 we obtain
(t1 + t2, t3, . . . , tk+1),
which is a partition of n in k parts. Summing t2+ t3,we obtain the partition (t1, t2+ t3, . . . , tk+1). Summing tk+1+ t1,we obtain
the partition (t2, t3, . . . , tk+1 + t1), etc.
Starting from this method, let M(n) be the undirected graph with:
• the vertex set consisting in all partitions of n in k and k+ 1 parts respectively, up to a rotation.
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• two vertices p and q share an edge if both of the next conditions are satisfied:
– p is a partition of n in k+ 1 parts and q is a partition of n in k parts.
– vertex q can be obtained from vertex p by the above described method.
The obtained graph is said to be themiddle level partition graph of n.
We associate with an ordered partition λ = (t1, t2, . . . , tm)withmi=1 ti = n, a (0, 1)-sequence s(λ) of length n, obtained
from λ by replacing every part ti with a sequence of ti − 1 zeros and 1 one.
Conversely, given a (0, 1)-sequence a = (a1, a2, . . . , an), having an = 1, we associate with a an ordered partition of
n, p(a), where the first part is the number of zeros before the first one plus 1, the second part is the number of zeros between
the first and the second one plus 1 and so on. Thus, p(s(λ)) = λ. The unique sequence which does not correspond to a
partition of n is that consisting of all zeros.
The relation which associates to λ the sequence s(λ) turns out to be an isomorphism betweenM(n) and the graph G(Bn)
studied in [2]; in the same article, it is proved that G(Bn) is connected.
Note that the graphM(n) is connected in general too.
Taking an example, for n = 7 we consider the partitions in 3 and in 4 parts, thus we have a total of 10 partitions,
distributed in the graph below.
In [3] a famous problem, still open, was proposed by Lovasz. This refers to the existence of a Hamiltonian cycle onmiddle
levels in the Boolean lattice. For a recent update on this, see [5]. The Boolean lattice of order n, denoted Bn, is an undirected
graph having as vertices all (0, 1)-sequences of length n. Two vertices share an edge if they differ in exactly one position.
Another paper which deals with cycles in the De Bruijn graph with close properties to ours is listed in [4]. The similarity lies
in the requirements for the number of 1s (called density) in the vertices of the cycles. The main result in [4] is the existence
of fixed density De Bruijn sequences in B(2, n), (the case n even is included too) for every density 1 < d < n.
The middle levels of Bn is the subgraph induced by all the vertices of Bn having k ones and all the vertices having k + 1
ones.
In this work we consider an analogue problem but for the De Bruijn graph.
2. The De Bruijn digraph and the middle levels of the De Bruijn digraph
Consider all (0, 1)-sequences of length n. We will see them as a set of vertices, denoted by V (2, n), and consequently we
will proceed for defining edges to construct the directed De Bruijn graph of order n, denoted B(2, n):
• vertex set {0, 1}n
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• two vertices (a1, a2, . . . , an) and (b1, b2, . . . , bn) in B(2, n) are joined by a directed edge if
a2, a3, . . . , an = b1, b2, . . . , bn−1.
In other words, the vertex (a1, a2, . . . , an) is joined to both (a2, a3, . . . , an, 0) and (a2, a3, . . . , an, 1).
In this section, we are interested in the existence of Hamiltonian cycles on middle levels of B(2, n), that is the subgraph
induced by all the vertices having k ones and all the vertices having k+ 1 ones.
In the following figure the dashed lines determine a Hamiltonian cycle on the middle levels of B(2, 3).
We distribute the vertices from middle levels in cycles constructed by cyclic rotation in the following way: consider an
arbitrary vertex a ∈ V (2, n),
a := (a1, a2, . . . , an)
we construct the cycle of length n,
(a1, a2, . . . , an)
↓
(a2, a3, . . . , an, a1)
↓
(a3, a4, . . . , an, a1, a2)
↓
· · ·
(an, a1, . . . , an−2, an−1)
↓
(a1, a2, . . . , an).
It is clear that every middle level vertex t belongs to such a cycle. Moreover, the whole set of middle level vertices can be
distributed in a certain number of such cycles, obtained by cyclic rotation. For the case n := 3 we have two partitions,
namely 3 = 3 and 3 = 2 + 1. This yields two cycles, the cycle 100 → 001 → 010 (corresponding to the partition 3) and
the cycle 110→ 101→ 011 (corresponding to the partition 2+ 1 := 21).
Now we will prove a relevant, relatively immediate, property. This property allows us to construct a Hamiltonian cycle
in B(2, n) using the middle level partition graph of n.
Lemma 1. Let p and q be partitions of n such that p and q are adjacent in the middle level partition graph, M(n), of n. Let Cp
and Cq be the corresponding cycles of p and q, respectively. Then there exist vertices v ∈ Cp and w ∈ Cq such that (v,w) is an
edge in B(2, n).
Proof. Let p be the partition of n in k parts, thus
p = p1 + p2 + · · · + pr · · · + pk,
and let q be the partition of n in k+ 1 parts, obtained by decomposing pr in a sum, say pr := a+ b. So
q = p1 + p2 + · · · + a+ b+ · · · + pk+1.
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We consider now the vertex of B(2, n) obtained with respect to the order of the summands in p. Denote it with vp. We
consider the analogue vertex for q, denoted with vq. We observe that they differ in exactly one position. Therefore, shifting
the vertices conveniently we obtain the statement. 
Example. For n := 9 take the 31221–3141 edge in the partition graph,M(9), of 9. The corresponding vertices in B(2, 9) are
v := 100110101 andw := 100110001, and they differ in the 7th position. Shifting v three positions to the right and shifting
w two positions to the right, we obtain 101100110→ 011001100.
Thus, the two cycles can be connected. The next lemma, due to Lempel [2], shows that this connection can result a cycle.
Concretely, it is possible to construct a cycle in B(2, n) if we have given two disjoint cycles in B(2, n) such that the two cycles
have adjacent vertices.





Then d ← c.
3. Hamiltonian σ-self-converse cycles at middle levels in the De Bruijn graph
We construct a particular Hamiltonian cycle on middle levels in B(2, n).
If u := 0 then u := 1 and vice versa. This allows us to define a function σ : V (2, n)→ V (2, n) as follows:
∀a := (a1, a2, . . . , an) ∈ V (2, n),
σ(a1, a2, . . . , an) := (an, an−1, . . . , a1).
It is immediate that ∀(a1, a2, . . . , an) ∈ V (2, n)⇒ σ(a1, a2, . . . , an) ∈ V (2, n). Similarly,
if v,w ∈ B(2, n) such that v → w, then σ(w)→ σ(v). (1)
Definition 1. Let n ∈ N∗ and let C := (v1, v2, . . . , vm) a cycle in B(2, n). The converse of C is the cycle C :=
(v1, vm, vm−1, . . . , v2).C is said to be σ -self-converse, for short σ -s.c., see [1], if σ(C) = C .
If for a vertex v ∈ B(2, n)we have v → σ(v), then this is called crossing edge.
Example: Consider in B(2, 3) the cycle
010→ 101→ 011→ 110→ 100→ 001.
Now computing σ(C), we obtain the cycle
101← 010← 001← 100← 110← 011,
and thuswe can see that C is σ -self-converse. Moreover, it is a Hamiltonian σ -self-converse cycle onmiddle levels in B(2, 3)
too.
Using the middle level partition graph we will show that for every odd n ∈ N there exists a Hamiltonian σ -self-converse
cycle on middle levels in B(2, n).
Definition 2. Let p be a partition of n. Consider a vertex v from its corresponding cycle in B(2, n). Then σ(v) is another
vertex in B(2, n) and thus it belongs to a cycle which determines another partition of n. Denote this partition with σ(p).
Remark. It is immediate that the association σ described in Definition 2 is an involution on the set of partitions of n. Thus,
for every partition p of nwe have
σ(σ(p)) = p.
For example, in the case of n := 7 we have
σ(511) = 4111 σ(421) = 3211
σ(322) = 2221 σ(412) = 3112
σ(331) = 3121.
Lemma 3. Let p, q be ordered partitions of n such that (p, q) is an edge of M(n). Then (σ (p), σ (q)) is an edge of M(n) too.
Proof. The result follows from the self-converse property of the application σ : V (2, n)→ V (2, n) presented in (1). 
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Theorem 1. Let n be an odd positive integer. Then there exists a Hamiltonian σ -self-converse cycle on middle levels in the De
Bruijn graph B(2, n).
Proof. The proof will be done by construction. We will use the middle level partition graph M(n), more precisely we
partition its vertices in the following way:
{{p, σ (p)}|p is a vertex in the middle levels partition graph of n}. (2)
Note that, in light of the remark, the pair {p, σ (p)} is identical with {σ(p), p} so it will appear only once in (2).
We observe that the pair
{w := 222 . . . 222  
k-times
1, z := 3 222 . . . 222  
k−1-times
}
is one of the pairs of (2). For an easier representation we will use only the letters w and z to represent the above partitions
during the proof. We choose {w, z} as starting pair for the construction, separating them and letting
X := {w} and Y := {z}.
At the same time we consider the corresponding cycle of w, denoted Cx, and the corresponding cycle of z, denoted Cy,
respectively. These cycles are in B(2, n). Since the middle level partition graph of n is connected, among the non-chosen
pairs of vertices (outside X and Y ) exist at least one pair {p, σ (p)} such that p is connected to w in X and consequently,
based on Lemma 3, σ(p) is connected to z in Y . Let us connect p and σ(p) to their corresponding sets, so we have now
X := {w, p} and Y := {z, σ (p)}.
At the same time, based on the Lempel lemma, we unify the corresponding cycle of p in B(2, n), with Cx, so the result is still
a cycle and we will maintain the Cx notation. We proceed in an analogue way with the elements of Y and Cy.
We continue. Since the middle level partition graph of n is connected, among the non-chosen pairs of vertices (outside X
and Y ) exist at least one pair {q, σ (q)} such that q is connected to a vertex in X and consequently, based on Lemma 3, σ(q)
is connected to a vertex in Y . Let us connect q and σ(q) to their corresponding sets, so we have now
X := {w, p, q} and Y := {z, σ (p), σ (q)}.
At the same time, based on the Lempel lemma, we unify the corresponding cycle of q in B(2, n), with Cx, so Cx became a
larger cycle. We proceed in an analogue way with the elements of Y and Cy.
We continue this procedure until all non-chosen pairs of vertices will be exhausted, thus until X and Y will contain all the
vertices of the middle level partition graph of n. Clearly, when the procedure is finished, every vertex of B(2, n) on middle
levels will be either in Cx or Cy. Moreover, we shall observe that if a vertex v is in Cx, then σ(v) is in Cy.
Consider now the resulted cycle Cx. Clearly, it has no crossing edges and it contains the
01010 . . . 01010→ 10101 . . . 10100
adjacency which belongs to z. This adjacency remains untouched because the only adjacency which can destroy it is the
1101010 . . . 1010→ 1010101 . . . 0101
from w but this was separated from z already at the beginning of the construction. We cut now the cycle Cx along
the 01010 . . . 01010 → 10101 . . . 10100 adjacency and we transform it in a path, call it C , starting with the vertex
10101 . . . 10100 and ending with the vertex 01010 . . . 01010, more explicitly
C := 10101 . . . 10100→ · · · → 01010 . . . 01010.
From here we obtain immediately the path σ(C), which consists of the vertices in Cy, namely
σ(C) := 11010 . . . 1010← · · · ← 10101 . . . 0101.
Weobserve immediately that the two paths can be connected by the extremal vertices and sowe obtain the σ -self-converse
cycle
10101 . . . 10100 → · · · → 01010 . . . 01010
↑ ↓
11010 . . . 1010 ← · · · ← 10101 . . . 0101
and the proof is done. 
Example. Take the case n := 5. We have the vertices 221, 311, 41, 32 of the middle level partition graph of 5. The resulting
sets are X := {32, 311} and Y := {221, 41}. The corresponding path for X is
10100→ 01001→ 10011→ 00111→ 01110→ 11100→ 11001→ 10010→ 00101→ 01010.
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